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 \definecolor{fCj}      {rgb}{0.00,0.00,0.00}   % conjecture
 \definecolor{fPr}      {rgb}{0.50,0.70,0.50}   % proof
 \definecolor{fRf}      {rgb}{0.50,0.50,0.70}   % reference
 \definecolor{fEq}      {rgb}{0.50,0.50,0.50}   % proof equality
 \definecolor{fLn}      {rgb}{0.99,0.00,0.00}   % "uses"-line
 \definecolor{fLg}      {rgb}{0.70,0.70,0.50}   % legend


 \newcommand{\lm}[1]{%                                  % lemma
        \begin{array}{r@{\;}ll}%
        #1%
        \end{array}%
 }

 \newcommand{\lb}[1]{%                                  % lemma label
        \multicolumn{3}{l}{\mbox{\textcolor{fLb}{\bf Lemma #1:}}}\\[1ex]%
 }

 \newcommand{\df}[1]{%                                  % definition label
        \multicolumn{3}{l}{\mbox{\textcolor{fLb}{\bf Definition #1:}}}\\[1ex]%
 }

 \newcommand{\cj}[2]{%                                  % conjecture
        & \multicolumn{2}{l}{\color{fCj}\mbox{\Huge $\mathbf{#1}$}}\\[1ex]
        \multicolumn{1}{l}{\color{fCj}\mbox{\Huge $\mathbf{=}$}}
        & \multicolumn{2}{l}{\color{fCj}\mbox{\Huge $\mathbf{#2}$}}\\[1ex]
 }

 \newcommand{\pr}[1]{%                                  % proof
        \multicolumn{3}{l}{%
                \mbox{\textcolor{fPr}{Proof by induction on $#1$:}}}\\%
 }

 \newcommand{\bc}{%                                     % base case
        \multicolumn{3}{l}{\mbox{\textcolor{fPr}{Base case:}}}\\%
 }

 \newcommand{\ic}{%                                     % inductive case
        \multicolumn{3}{l}{\mbox{\textcolor{fPr}{Inductive case:}}}\\%
 }

 \newcommand{\rs}[1]{%                                  % reason
        \mbox{\textcolor{fRf}{ by #1}}%
 }
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 \df{1}
 \cj{x+0}{x}
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 \cj{x+Sy}{S(x+y)}
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 \cj{x \cdot Sy}{x \cdot y+x}
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 \lm{
 \lb{5}
 \cj{0+x}{x}
 \pr{x}
 \bc
   & 0+0                &                       \\
 = & 0          & \rs{Def.\ 1}  \\
 \ic
   & 0+Sx       &                       \\
 = & S(0+x)     & \rs{Def.\ 2}  \\
 = & Sx         & \rs{I.H.}     \\
 }
 %
 &
 &
 %
 \lm{
 \lb{6}
 \cj{Sx+y}{S(x+y)}
 \pr{y}
 \bc
   & Sx+0       &                       \\
 = & Sx         & \rs{Def.\ 1}  \\
 = & S(x+0)     & \rs{Def.\ 1}  \\
 \ic
   & Sx+Sy      &                       \\
 = & S(Sx+y)    & \rs{Def.\ 2}  \\
 = & ss(x+y)    & \rs{I.H.}     \\
 = & S(x+Sy)    & \rs{Def.\ 2}  \\
 }
 %
 &
 &
 %
 \lm{
 \lb{8}
 \cj{(x+y)+z}{x+(y+z)}
 \pr{z}
 \bc
   & (x+y)+0    &                       \\
 = & x+y                & \rs{Def.\ 1}  \\
 = & x+(y+0)    & \rs{Def.\ 1}  \\
 \ic
   & (x+y)+sz   &                       \\
 = & S((x+y)+z) & \rs{Def.\ 2}  \\
 = & S(x+(y+z)) & \rs{I.H.}     \\
 = & x+S(y+z)   & \rs{Def.\ 2}  \\
 = & x+(y+sz)   & \rs{Def.\ 2}  \\
 }
 %
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 &
 %
 \lm{
 \lb{10}
 \cj{0 \cdot x}{0}
 \pr{x}
 \bc
   & 0 \cdot 0          &                       \\
 = & 0          & \rs{Def.\ 3}  \\
 \ic
   & 0 \cdot Sx &                       \\
 = & 0 \cdot x+0        & \rs{Def.\ 4}  \\
 = & 0+0                & \rs{I.H.}     \\
 = & 0          & \rs{Def.\ 1}  \\
 }
 %
 \\
 &
 &
 &
 &
 &
 &
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 \lm{
 \lb{7}
 \cj{x+y}{y+x}
 \pr{y}
 \bc
   & x+0                &                       \\
 = & x          & \rs{Def.\ 1}  \\
 = & 0+x                & \rs{Lem.\ 5}  \\
 \ic
   & x+Sy       &                       \\
 = & S(x+y)     & \rs{Def.\ 2}  \\
 = & S(y+x)     & \rs{I.H.}     \\
 = & Sy+x       & \rs{Lem.\ 6}  \\
 }
 %
 &
 &
 &
 &
 %
 \lm{
 \lb{9}
 \cj{x \cdot (y+z)}{x \cdot y+x \cdot z}
 \pr{z}
 \bc
   & x \cdot (y+0)      &                       \\
 = & x \cdot y          & \rs{Def.\ 1}  \\
 = & x \cdot y+0        & \rs{Def.\ 1}  \\
 = & x \cdot y+x \cdot 0        & \rs{Def.\ 3}  \\
 \ic
   & x \cdot (y+sz)     &                       \\
 = & x \cdot S(y+z)     & \rs{Def.\ 2}  \\
 = & x \cdot (y+z)+x    & \rs{Def.\ 4}  \\
 = & (x \cdot y+x \cdot z)+x    & \rs{I.H.}     \\
 = & x \cdot y+(x \cdot z+x)    & \rs{Lem.\ 8}  \\
 = & x \cdot y+x \cdot sz       & \rs{Def.\ 4}  \\
 }
 %
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 &
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 &
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 \lm{
 \lb{11}
 \cj{Sx \cdot y}{x \cdot y+y}
 \pr{y}
 \bc
   & Sx \cdot 0 &                       \\
 = & 0          & \rs{Def.\ 3}  \\
 = & 0+0                & \rs{Def.\ 1}  \\
 = & x \cdot 0+0        & \rs{Def.\ 4}  \\
 \ic
   & Sx \cdot Sy        &                       \\
 = & Sx \cdot y+Sx      & \rs{Def.\ 4}  \\
 = & (x \cdot y+y)+Sx   & \rs{I.H.}     \\
 = & S((x \cdot y+y)+x)& \rs{Def.\ 2}   \\
 = & S(x \cdot y+(y+x))& \rs{Lem.\ 8}   \\
 = & S(x \cdot y+(x+y))& \rs{Lem.\ 7}   \\
 = & S((x \cdot y+x)+y)& \rs{Lem.\ 8}   \\
 = & (x \cdot y+x)+Sy   & \rs{Def.\ 2}  \\
 = & x \cdot Sy+Sy      & \rs{Def.\ 4}  \\
 }
 %
 &
 &
 %
 \lm{
 \lb{13}
 \cj{(x \cdot y) \cdot z}{x \cdot (y \cdot z)}
 \pr{z}
 \bc
   & (x \cdot y) \cdot 0        &                       \\
 = & 0          & \rs{Def.\ 3}  \\
 = & x \cdot 0          & \rs{Def.\ 3}  \\
 = & x \cdot (y \cdot 0)        & \rs{Def.\ 3}  \\
 \ic
   & (x \cdot y) \cdot sz       &                       \\
 = & (x \cdot y) \cdot z+x \cdot y      & \rs{Def.\ 4}  \\
 = & x \cdot (y \cdot z)+x \cdot y      & \rs{I.H.}     \\
 = & x \cdot (y \cdot z+y)      & \rs{Lem.\ 9}  \\
 = & x \cdot (y \cdot sz)       & \rs{Def.\ 4}  \\
 }
 %
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 &
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 \color{fLg}
 \begin{tabular}{ll|}
 \hline
 \multicolumn{2}{l|}{\bf Legend:}       \\
 $S(x)$ & Successor of $x$      \\
 Def. & Definition      \\
 Lem. & Lemma   \\
 I.H. & Induction Hypothesis    \\
 \multicolumn{2}{l|}{\bf Binding Priorities:}   \\
 %\multicolumn{2}{l}{$S$ , $ \cdot $ , $+$}     \\
 \multicolumn{2}{l|}{$Sx \cdot y+z$ denotes $((S(x)) \cdot y)+z$}       \\
 \multicolumn{2}{l|}{\bf Used Induction Scheme:}        \\
 If & $P(0)$    \\
 and & $P(x)$ always implies $P(Sx)$,   \\
 then & always $P(x)$.  \\
 &\\
 \multicolumn{2}{l|}{Red arrow: use of lemma}   \\
 \multicolumn{2}{l|}{Definition-uses omitted}   \\
 \end{tabular}
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 \lm{
 \lb{12}
 \cj{x \cdot y}{y \cdot x}
 \pr{y}
 \bc
   & x \cdot 0          &                       \\
 = & 0          & \rs{Def.\ 3}  \\
 = & 0 \cdot x          & \rs{Lem.\ 10} \\
 \ic
   & x \cdot Sy &                       \\
 = & x \cdot y+x        & \rs{Def.\ 4}  \\
 = & y \cdot x+x        & \rs{I.H.}     \\
 = & Sy \cdot x & \rs{Lem.\ 11} \\
 }
 %
 &
 &
 \\
 \rule{0cm}{0cm}
 \\
 \end{array}$
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